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Abstract: We present a new method to calculate the spectrum of (slow-roll) inflationary 
perturbations, inspired by the conjectured dS/CFT correspondence. We show how the 
standard result for the spectrum of inflationary perturbations can be obtained from de- 
formed CFT correlators, whose behavior is determined by the Callan-Symanzik equation. 
We discuss the possible advantages of this approach and end with some comments on the 
role of holography in dS/CFT and its relation to the universal nature of the spectrum of 
inflationary perturbations. 
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1. Introduction 

Observational evidence has completely revised our ideas on the history and future fate of 
our universe. As long suspected and recently shown to be in excellent agreement with 
the Cosmic Microwave Background (CMB) observations jjj], the early universe probably 
experienced a brief phase of slow-roll inflation, corresponding to accelerated expansion 
close to a de Sitter spacetime. More surprisingly, supernovae observations || suggest that 
our universe is currently also experiencing a phase of accelerated expansion, presumably 
again described by an approximate de Sitter phase. These phenomenological considerations 
partly explain the current surge of theoretical interest in de Sitter spacetime. On the other 
hand there have always been strong theoretical motivations to study de Sitter space. In 
particular, since de Sitter spacetime can be considered the most symmetric cosmological 
equivalent of a black hole, it seems to be a nice arena to study some of the confusing 
properties having to do with the presence of event horizons. 

String theory has made some progress in understanding certain aspects of black hole 
physics. An extremely powerful idea that seems to be concretely realized in string theory is 
the holographic principle |J . In the context of Anti-de Sitter gravity the holographic prin- 
ciple is realized through the AdS/CFT correspondence [Q, 0. In a leap of faith attempts 



have been made to generalize the AdS/CFT correspondence to apply it in the context of 
de Sitter space, leading to the dS/CFT conjecture ||. Just as the radial coordinate in AdS 
space is related to the scale parameter in the dual lorentzian CFT, in dS/CFT the timelike 
coordinate of de Sitter space should be related to the scale parameter in an euclidean CFT. 
This also suggests that (homogeneous) departures from AdS or dS will correspond to renor- 
malization group (RG) flows in the corresponding deformed CFT's. However, the absence 
of supersymmetry, a concrete string theory example and more fundamental objections (7j, 
raise severe doubts on the correctness and usefulness of the dS / CFT proposal. Neverthe- 
less, from a pragmatic point of view it seems that some problems in four-dimensional de 
Sitter space can certainly be addressed using a general three-dimensional CFT description, 
as conjectured by the dS/CFT correspondence but possibly just a result of the symme- 
tries of the de Sitter background. From that more modest point of view a CFT approach 
would just correspond to a different perspective on some problems in (approximate) de 
Sitter space, and the CFT approach would in principle not be able to teach us anything 
beyond what was known already. Nevertheless we think this could still be an interesting 
and worthwhile enterprise, hopefully giving us at least some qualitative hints on some of 
the properties of quantum gravity in de Sitter spacetime. 

As already mentioned, an important point is that homogeneous deformations away 
from de Sitter spacetime, in general corresponding to Friedmann-Robertson-Lemaitre- 
Walker (FRLW) cosmologies but for small deformations giving rise to inflationary cos- 
mologies, are interpreted as departures from perfect scale invariance in the euclidean CFT. 
This would then give rise to renormalization group flow away from the conformal fixed 
point |l4| , a situation that has been particularly well-studied and understood in the 
AdS/CFT context Since approximate de Sitter spaces seem to play an important 

role in the history of our universe, a holographic RG-flow description could have direct phe- 
nomenological applications. In particular the early inflationary phase and its production 
of small perturbations that are the primordial seeds of the observed CMB, and therefore 
of large scale structures in our universe, would be interesting examples to study from a 
CFT point of view and is the focus of this article. One strong reason to suspect that this 
should be possible is the approximate scale invariant nature of the primordial spectrum of 
density perturbations [15, |l^, 17]. This possibility was first anticipated in ||i~8fl , and shown 
to work for massless perturbations in [jjjfl . We will describe the more general (massive) 
case and make full use of the holographic RG-equations, that for the de Sitter case were 
only determined in all detail very recently [20]. As we will explain such an approach sheds 
new light on the universal nature of the spectrum of inflationary perturbations and the 
related question of the effect of trans-Planckian physics on the primordial CMB spectrum, 



a subject that has attracted a lot of attention recently [21]. We stress that the dS/CFT 



correspondence is not probing the static patch describing a single bulk Hubble volume and 
discuss the meaning of holography in dS/CFT. We suggest that the main implication of 
holography in cases where the holographic coordinate is timelike should be universality. 

The structure of this paper is as follows. In section 2 we briefly review the dS/CFT 
correspondence and the interpretation of broken scale invariance in terms of holographic 
RG-flow. We then move on to present a minimal review of the calculation of the spectrum 



of inflationary density perturbations. After that we show that the spectrum of inflation- 
ary perturbations can be derived starting from CFT correlators and introducing small 
deformations satisfying the Callan-Symanzik equation. We devote a separate section to a 
discussion on the holographic interpretation of the primordial CMB calculation in terms of 
CFT correlators. There we also discuss the relation between the deformed CFT approach 
and the universal nature of the spectrum of inflationary perturbations. 



2. dS/CFT and holographic RG-flow 

We give a short review of dS/CFT and the holographic correspondence between cosmolog- 
ical evolution and renormalization group flow. For similar, more detailed discussions we 



refer to [ 1J, | 



2.1 Some dS/CFT preliminaries 

De Sitter space can be obtained from Anti-de Sitter by performing a so-called double Wick 
rotation. Starting from the AdS metric in stereographic coordinates one performs the 
following transformations 

t — ► ixd-i , A — ► — it , h — > iH , (2-1) 

to obtain de Sitter space in planar, or inflationary, coordinates (covering only half of de 
Sitter space) 

ds 2 = -dt 2 + e 2Ht dx 2 d . (2.2) 
Introducing the scale factor a = e Ht and defining the following coordinate 

li = Ha, (2.3) 

which has the dimension of energy, we obtain the following parametrization of (d + 1)- 
dimensional de Sitter 

ds 2 = H- 2 [-fi~ 2 dn 2 + fi 2 dx 2 d ] . (2.4) 

In dS/CFT the parameter \i will again have the natural interpretation of the energy scale in 
a dual CFT description. The boundaries of the AdS and dS metrics in this "holographic" 
parametrization are obtained in the limit /j, = u — > oo. We also note that for de Sitter this 
parametrization is related to a de Sitter parametrization using conformal time r), which is 
equal to r\ = ±l//x and therefore naturally interpreted as the length scale in a dual field 
theory. This corresponds to the de Sitter analogue of the Poincare coordinates in AdS. De 
Sitter in conformal time gives rise to the conformally flat metric 

ds 2 = [Hi])- 2 [-drj 2 + dx 2 d ] , (2.5) 

where the infinite future corresponds to rj = and the infinite past to r] — > oo. 

As in AdS/CFT we would now like to introduce perturbations and the easiest thing to 
consider is adding scalar fields to de Sitter. As t — > oo the homogeneous part of the scalar 
field is dominant, giving us the following asymptotic behavior of the metric and scalar field 

ds 2 dt 2 + e 2Ht g ij dx i dx j , 



~e xm 4>, (2.6) 

where X± = —d/2 ± ycP/4 — m 2 /H 2 p. Scale invariance demands that under a time 
translation Ht — ► Ht+5 and Xj — ► (e 5 ) Xj, the full asymptotic solution remains invariant. 
This is ensured if the ("boundary" 1 ) fields cjij and transform as follows 

0y-(e*)°&, 4>^(e s y X 4>. (2.7) 

In a holographic dual field theory description these boundary fields are supposed to be 
sources of dual operators in the field theory. The metric boundary field gij is the natural 
source of the energy momentum tensor in a dual field theory 



5 § oc J dtxgijTV, 



whereas the scalar boundary fields should correspond to sources of (gauge invariant) oper- 
ators in a holographic dual 

Si oc f d d xj>0. (2.9) 



From the scaling transformations of the boundary fields and the total scale invariance 
of the holographically dual lagrangian we therefore find the following scaling dimensions 
O ~ (e 5 ) O of the dual operators 

A Tl3 =d, A = X + d. (2.10) 

In case one is interested in (homogeneous) deformations of the CFT, typically breaking 
conformal invariance and leading to RG-flow, the behavior is determined by the scaling 
dimension of the operator deforming the theory. To remind ourselves: marginal operators 
correspond to scaling dimensions equal to d, so indeed the energy momentum tensor cor- 
responds to a marginal operator, as it should. Scaling dimensions A > d correspond to 
irrelevant non-renormalizable perturbations, whereas operators with A < d are relevant 
normalizable operators. Relevant operators will take us away from the UV fixed point. 

Formally the AdS/CFT correspondence can be summarized by the mathematical state- 
ment that the partition function of a dual CFT is given by the (semi-classical) wavefunction 



of quantum gravity on AdS space [24] 



Zcft = ^Ads ~ e lSAdS . (2.11) 

To make sense out of this expression one typically Wick rotates to euclidean AdS, giving 
exp —SeacLS f° r the euclidean partition function. To explicitly relate boundary correlation 
functions to bulk quantities we treat the boundary fields <\> as sources for CFT operators 
and, as usual, functionally differentiate with respect to the sources, setting the sources 
to zero afterward. From the bulk perspective this means that in the semiclassical limit 



1 The "boundary" is defined as the spacelike section at t — * oo. 



we evaluate the bulk action on a (normalizable) solution to the equations of motion with 
suitable boundary conditions giving the dependence of the bulk action on <p. 



^ =0 54>i .. . 5<t> n 



(2.12) 

4>=o 



where <f> is the source of the CFT operator O. Any singularities that arise in the action 
should be treated just as if one is renormalizing a field theory and will typically lead to 



(holographic) RG-flow [11, 12 1. As already alluded to this RG-flow can be understood as 



being described by a deformation with a local operator 

Soft -» Soft + g J d d xO{x) , (2.13) 



which by means of the correspondence (|2.9| ) suggests a relation to homogeneous bulk grav- 
itational solutions <f> ~ g. Deforming the CFT with an operator of dimension A implies 



the lagrangian deformation scales as A — d = A ( 2.10 ). This coincides with the asymptotic 
behavior of (homogeneous) scalar fields ( |2.6| ). Relevant deformations vanish in the UV to 
be consistent with the presence of a conformal fixed point, whereas irrelevant deformations 
blow up in the UV. From the bulk perspective this is just saying that asymptotic de Sitter 
space is only consistent with decaying behavior of the (homogeneous) scalar field. When 
the scalar field blows up de Sitter space is not the asymptotic solution. 

Moving from AdS to dS we will assume that the same recipe applies for dS/CFT, i.e. 

Z CF T = *dS~e lS < iS , (2.14) 

where the CFT in this case is already defined in euclidean space and the right hand side 
corresponds to the wavefunction of quantum gravity in de Sitter space, which can now 
honestly be interpreted as the "wavefunction of the universe". As in AdS the de Sitter 
action will generically diverge when approaching the "boundary" in the infinite future. 
Just as in field theory, the (local) divergences can be canceled by counterterms leading to a 
renormalized action satisfying RG equations. For de Sitter this holographic renormalization 



procedure has only recently been carefully worked out [2C]. 



2.2 Homogeneous monotonic flow and its holographic description 

Consider (d + l)-dimensional Einstein gravity coupled to scalars tp 1 via 

C = - iGud^ 1 d^ J - , (2.15) 

where k 2 = 8irG = 1/M p ^ d ~ 1 ^ and Gjj is the metric on the moduli space of the scalars 
(f) 1 , which we will assume to be independent of the scalars (j) 1 for the time being. It could 
perhaps be interesting to relax this assumption which would involve introducing covariant 
derivatives with respect to the moduli space metric. 



The potential V((f) ) is assumed to have de Sitter extrema. Using the standard spatially 
flat FRW metric 



ds 2 



-dt z 



a(t) 2 dx i dx i , (2.16) 

with i running from 1 to d and assuming spatial isotropy Vcf) 1 = 0, the equations of motion 
are given by 



21 



+ dH<j) 1 + G IJ 



dV 
dp 

H 2 
H 



0. 



d(d-l 



-K 2 p, 



1 .2 



(d-1) 



K (p+p), 



(2.17) 
(2.18) 
(2.19) 



where the Hubble parameter H is H = a/ a, the dot representing a derivative with respect 
to the coordinate time t, and the density p and pressure p are given by 



P 



The equations of motion give 



2H 

d(u + l) = - w 



(2.20) 



(2.21) 



for the equation of state parameter uj = p/p. Also recall that one of the equations of motion 
is redundant, e.g. ( 2.17 ) and ( |2.18| ) imply ( 2.19| ). For completeness let us also separately 
give the expression for the Ricci scalar R 



r = 9ia ,Rr 



2k 2 



■(p-dp) = 2k 2 



d-l 

Note that for constant fields (j) 1 we find 

'd+ 1 



d + l 
d-l 



1 



IU 



VW)--Gu<p<l> 



(2.22) 



R 



d-l 



2K 2 V{(j} 1 ) = d{d+l)H 2 



d+l 
d-l 



A 



(2.23) 



where we used that A = 2k 2 V((/) 1 ). 

From now on we will restrict ourselves to four bulk spacetime dimensions (d = 3) 
because we will be interested in calculating the primordial CMB spectrum. We will also 
restrict our attention to a single scalar. The multi-scalar generalization should be rather 
straightforward. From the previous section it should be clear that we can interpret the 
scale factor a as proportional to the (deformed) CFT scale parameter p oc a Q2.3j ) and 
every scalar as a coupling constant g = deforming the CFT ( |2.9| ). This means we can 
naturally define the beta functions 



which by virtue of the FRW equation ( 2,1S| ) have to satisfy 



Under the natural assumption of monotonic scalar field flow we derive 

kH dd> 



(2.25) 



(2.26) 



Monotonicity implies that we will not consider scalar field flows that are oscillating in time. 
This means we will only consider masses m 2 < H 2 , which is the relevant regime anyway 
for the spectrum of inflationary perturbations that we will be interested in. 

Under this monotonicity assumption we can relate the equation of state parame- 
ter ( p. 21 ) and the beta function (2.26) as follows 



3(w + l) = -^H~ 2 — 



dH\ 



(2.27) 



Recall that for constant equations of state, i.e. matter (u = 0) or radiation (u = 1/3), the 



dependence of the density on the scale factor would be p oc a 



-3(uM-l) 



_/3 . To decide 



whether the expansion of the universe is accelerating or decelerating we calculate 

1 



a 
a 



H + H 



H 2 [l 



(2.28) 



so whenever f3 2 < 2 (to < — 1 /3) the expansion of the universe is accelerating. 

Let us also define a function A that will reproduce the conformal scaling dimensions, 
derived as follows from the beta-functions 



A 



1 dp 

k d(j) 



(2.29) 



This implies that near a zero of (3 we can approximately write 

2 d 2 H 



K d(j) 



(3=0 



K H 



(2.30) 



13=0 



One can show that near a zero of (3, so the extrema of the potential, one can relate this 
expression to the mass 2 in the following way 



m 



-H 2 (3X + X 2 



(2.31) 



which just reduces to the standard equations relating scaling dimensions to masses. 

For completeness let us also introduce the conjectured holographic c-function [13] 
given by 

1 



and is strictly decreasing from the UV to the IR fixed point because H < when the Null 
Energy Condition is satisfied oj > — 1. One can relate the derivative of the holographic 
c-function with respect to the scalar fields to the beta-function as follows 

dine . 
—rr=P. 2.33 
Kd(p 

Instead taking the derivative with respect to the logarithmic energy scale (the logarithm 
of the cosmological scale factor a, which is related to the number of e-folds N) we obtain 



d In c d In c 2 



dlna dN 

So this implies we can write 



/T . (2.34) 



r N f 

c(N f ) = c(Ni) exp / (3 2 dN . (2.35) 

Some of these expressions will turn out to be useful later. Note that the entropy in (the 
static or causal patch of) de Sitter space is given by the area of a single Hubble volume, 
which is proportional to the holographic c-function 

Area 2n 

S=—— = ^- h = 2ttc. 2.36 

After these preliminaries we are now ready to move on to discuss (inhomogeneous) 
perturbations in de Sitter space. 

3. Inflationary perturbations 

We will present a rather minimal review of inflationary (density) perturbations, concen- 
trating on the final result. More thorough introductions can be found in many places, we 



would especially like to mention [16, 17, 19|. In particular, bulk approaches based on a 



Hamilton- Jacobi setup [25, 11, £(J] make the appearance of the holographic RG-equations 
and the possibility to derive the inflationary perturbations from deformed CFT correlators 
very apparent and natural. 

3.1 De Sitter scalar perturbations 

Abandoning homogeneity of the scalar field and neglecting gravitational back reaction one 
should solve the following equation 

" + 3H5<j) - \v 2 5(p + 4^ = , (3.1) 



a* 

We will be expanding around an extremum of the potential, so we can approximate ^ ~ 
m 2 5(j). To comply with the standard literature we define conformal time r\ and redefine the 
scalar field as follows ^ 

n = = — . id = add . (3.2) 



where a is the scale factor and H = |. Note that the conformal time coordinate equals 
where fi can be interpreted as the natural scale parameter in a dual CFT. This enables 
us to write the scalar equation as 



i m 2 _\ 1 



99 + {w- 2 )^- v ^ = ' (3 - 3) 

where double primes denote the second derivative with respect to the conformal time 77. 
Fourier expanding in the spatial directions 

<p(ri,x) = j d 3 kcp k (r))e Ss , (3.4) 

we finally obtain the following equation for the time dependence of the Fourier compo- 
nents ip(rj) 

^+(fe 2 + m2/ ^" 2 )^ = 0. (3.5) 
When m 2 = this equation is relatively easy to solve and we get 

For arbitrary m 2 it is more convenient to first proceed as follows. Define \ = kr\ = k/fi 
and ^yx' l P(x) = V?(x)- This transforms equation (3.5) into 



1 f n 2 \ 



(3.7) 



2 



where the primes now stand for derivatives with respect to x an d n = | — jj?- This is 
recognized as a Bessel equation with non-integer coefficient n 2 . Note that for m 2 < 9H 2 /4 
the coefficient n is real, whereas for m 2 > 9H 2 /A it is imaginary. This Bessel equation is 
solved by the series expansion 



Mx) = x n 



n + l \2J (n + l)(n + 2) 2! V2 
Defining the Bessel functions as 



(3.8) 



Jn(x) = T2 , r / - , n (§) , (3- 
-^—^ r! 1 (n + r + 1) \2/ 



r=0 



and the solution would read ip(x) = n\ 2 n J n (x). Note that for half-integral n the Bessel 
functions can be simply expressed in terms of trigonometric functions. Starting from 
J\/2{x) = (2/ttx) 1 ^ 2 sinx and S-iftix) = (2/ttx) 1 ^ 2 cos % one can use recursion relations 
to show that ipkix) = a / — (1±-) exp ±?x, reproducing the solution for m 2 = (n = ±3/2). 
Introducing a second independent solution to (p.'i 



we can construct the independent solutions known as the Hankel functions 



H$ = j n + iy n , (3.11) 

H^=J n -iy n . (3.12) 
The most general solution can then be written in terms of the Hankel functions 

MX) = A(k)HP(x) + B(k)H^U) , (3-13) 

where A(k) and B{k) are arbitrary constants determined by the boundary and normaliza- 
tion conditions. Normalization should be carried out with respect to the standard (con- 
served) Klein-Gordon inner product 

i J dx^/det gij (p(x, t)*%<f>{x, t) = 1 , (3.14) 

which in momentum space reduces to the following Wronskian 

H)i% - {d x r k m = i • (3.i5) 

To determine the constant A(k) that normalizes the solution it is convenient to first deter- 
mine the asymptotic behaviour as |x| 3> 1 of the Hankel functions, which up to constant 
phases behave as follows 

n^(x) ~ xf-^j*, (3-16) 

V 

n£\x) - \f\^ ix - (3-17) 

V 7TX 

Note that \x\ 3> 1 corresponds to a -C 1, so it corresponds to the scalar field behaviour 
in the far past of de Sitter space. The limiting behaviour in the far future of de Sitter 
space corresponds to taking the limit |%| <C 1, which in terms of the natural holographic 
parameter ji corresponds to k <C fi, and immediately follows from the expansion fl3.8| ) 



lim^(x)~X n , (3.18) 

which indeed corresponds to the expected scaling behaviour of the scalar field in the far 
future. We observe that the solutions start out as ordinary oscillating plane waves but at 
some point stop oscillating (if n is real) with slowly decaying, almost constant, amplitudes. 
This means that quantum fluctuations, starting out as ordinary plane waves, will at some 
point stop oscillating with their amplitudes almost frozen. This is the mechanism for the 
production of classical, stochastic, scalar fluctuations in de Sitter space. Returning to the 
normalization of the solutions, consider the solution ipk(x) = A(k)TCn\x) m t ne limit 
|x| S> 1, using expression ( 3.16 ), and substitute it into (|3.15| ). Note that we have imposed 



a boundary condition by setting B(k) = 0, which is the natural choice from the QFT point 
of view, where this would correspond to selecting the standard euclidean, Bunch-Davies 



vacuum. Other choices have recently attracted a lot of attention because of their potential 
connection to trans-Planckian physics [3C]. Proceeding, one then finds for A(k) 




A(k)=±J—. (3.19) 



For later purposes it is useful to determine the H, a and /c-dependence of the solutions in 
the limit \x\ <C 1 (or a 3> k/H). Using ( 3.18| ) and realizing that the variable % = —k/Ha 
we find for the H, a and k dependence 

H 



S<j> k = i x iA(k)i; k oc k n a -( n+ l) . (3.20) 

k 

The dominant behavior when a> k/H (x< 1) of a general solution will be given by the 



n_ = — y | — jj? mode. Because n_ = — 3/2 — A + we find the following dominant (scaling) 
behavior as a 3> k/H in terms of A + 

lim 5<f> k oc H x++1 k~^- x + a x + . (3.21) 

a^oo 

From this expression it is clear that the amplitude of the mode will not change much as 
time evolves from the time the mode is "frozen", at least as long as |A + | -C 1 implying 
m 2 <C H 2 . This moment can be estimated to be around \x\ = 1 or when a = a* = k/H, 
when the physical wave number equals the Hubble parameter. 

3.2 The CMB power spectrum and spectral indices 

One can view the spectrum of scalar field fluctuations in (pure) de Sitter space as the 
source for scalar curvature perturbations during inflation. The mean square scalar field 
fluctuations in Fourier space are given by |<5(/>fc| 2 . The power spectrum can be written as 

Pi* = ^Wfc| 2 - (3-22) 
This can be traced back to the following general definition of a power spectrum 

{gm) = 5(3) (* - \9k\ 2 = ^ {3) (* - #) % v 9 ( k ) . ( 3 - 23 ) 

where gj. (t) corresponds to the Fourier transform of some quantity g(x,t). This definition 



immediately gives ( 3.22 ) and also implies the relation 

(g 2 (x,t)) = f ^\9k? = f d\nkV g {k). (3.24) 

At physical scales p = k/a bigger than the Hubble scale H the mean square fluctuations 
behave as ordinary quantum fluctuations in flat space, which become negligible as one 
increases the length scale. However, as already explained, at physical scales p smaller than 
the Hubble scale H the field no longer oscillates, leading to large length scale fluctuations. 
Being interested in those scales, we use the expression for 0^ as a — > oo and obtain for the 
power spectrum, neglecting constants, 

V H oc H 2+2X + k- 2X + a 2X + . (3.25) 

The massless limit corresponds to taking A+ = 0. 



In pure de Sitter space this scalar field source will not lead to scalar curvature pertur- 
bations because the scalar field fluctuations are perfectly decoupled in that case. Another 
way of putting this is that in pure de Sitter these fluctuations are pure gauge. For instance 
consider a density perturbation 8p, then it is easy to see that 

n5p = k^-54> = (-3H 2 (3)5(p , (3.26) 



where (3 is the holographic beta- function defined in Q2.24 ). Only when there exists a small 



"tilt" away from pure de Sitter space {(3 7^ 0) will the scalar field fluctuations couple and 
induce density perturbations. To obtain the correct physical quantity denoting the scalar 
curvature perturbations and their relation to the scalar field fluctuations is not straightfor- 



ward and we will just refer to the literature [lf| 17|. We will just quote the standard result 



that the scalar curvature perturbation can be described by the (dimensionless) quantity 

SR St, (3.27) 



p + p V & 

immediately leading to the following relation between the power spectra 

Vn = (3~ 2 V H . (3.28) 

When we will discuss this result from the deformed CFT point of view the extra factor of 
f3 actually appears rather naturally. Note that the factor of (3, for small (3 <C 1, will kill 
the time (or scale factor) dependence of the perturbations because 

(3 w \5(j) => 5<p oc a A => (3 oc Aa A . (3.29) 

Before we go on to discuss the spectral index we should note that to connect to the standard 
expressions in the literature involving the slow-roll parameters e# and rfjj one uses the 
following definitions for the slow-roll parameters 

_ dlnH _ 51nf 

e * = -dw "* = —dj^r> (3 - 30) 



leading to the following relations between the different sets of parameters [18]: 2ejj = (3 2 
and 2t] H = [3 2 - 2A. 

We are now ready to discuss the spectral index of the scalar curvature perturbation. 
Since we just concluded that ( 3.2§| ) is independent of time we can evaluate this expression 



at the time it was formed, which was estimated to be around \x\ = 1, so when a = k/H. 
Plugging this into the expression ( |3.25| ) we see that the fc-dependence disappears and that 
we are effectively left with a power spectrum of massless perturbations. So our starting 
point is the following expression for the power spectrum of the scalar density perturbation 



^scalar ( ^ 



R ,2 



(3.31) 

k=aH 

where we have added explicitly that this expression should be evaluated at k = aH. The 
Hubble parameter H(a) and the beta-function /3(a) generically are functions of the scale 



factor a. Different scales k "freeze" into the power spectrum at different scale factors a(t) 
when the physical momentum p = k/a = H or equivalently when k = aH. This effectively 
leads to ^-dependence of the spectrum because (3 and H are functions of a(t). To calculate 
this scale dependence we first relate derivatives with respect to a to derivatives with respect 
to k 



dk ( „ dH\ ( _ 1 o 



This implies that 



This allows us to calculate the effective fc-dependence of H by noting that 

So in the end we find the following equation for the effective fc-dependence of H 



d\nH -\(3 2 



dhik (l-i/3 2 )' 



(3.35) 



Under the assumption that (3 is approximately constant (3 = (3 (i.e. /^-independent) and to 
lowest order in f3 this equation is easy to solve and gives 

H(k) ps k-^ . (3.36) 

The same procedure can be applied to find the effective /c-dependence of (3. We first 
note that 

d(3 ^ n ( 1 o2 \ , dp 



where we defined A as A = d(3/d(f) (instead of A = /3/(f>) . This implies the following equation 
for the effective /c-dependence of (3 

d \a(3 A 

dlnT = (1 - I/?2) • (3 - 38) 

Again, under the assumption that A is approximately ^-independent A = A and to lowest 
order in (3 we find 

PQe) k x . (3.39) 

We are now ready to calculate the spectral index of the power spectrum given by (|3.31| ). 
Typically the spectral index is defined as follows 

Through this definition we can in fact calculate the spectral index exactly, using the expres- 
sions in the previous paragraphs. But first let us consider the situation where (3 and A are 
approximately ^-independent and concentrate on the power of k in the power spectrum, 



which should naturally define the "true" spectral index, as we will discuss in a moment. 
From ( 3.36| ) and ( 3.39| ) we then obtain for the (average) spectral index 



n s - 1 = -P 2 - 2A. (3.41) 
Instead using the definition ( ggg ) we find 

_ dlnP sca i ar -(3 2 - 2A 

ns - 1 = ^Tni- = (rT^' (3 - 42) 

which indeed corresponds to the standard expression for the spectral index in terms of the 
slow-roll parameters to lowest order in (3 2 ; using ( p. 30 ) we reproduce n s — 1 = — 4e# + 2rjH- 



One should realize that ( 3.40| ) will only reproduce the true spectral index when n s is 



fe-independent. The true definition of the /^-dependent spectral index should be n(k) — 1 = 
lnT^scaiaj./ In k, as is clear when writing Scalar °c k^ 71 ^' -1 '. We can find the following 
expression for the difference £ between the true spectral index and the spectral index 
calculated with (|3.40|) 

£ = n s (k) -n{k) = ( ) lnfc. (3.43) 



d In k / 

We can use this expression iteratively to express the true spectral index n(k) in terms 
of an infinite derivative expansion of the other, exactly calculable, spectral index defined 
through flOoD n s (k) 

where the signs alternate between odd and even powers of Ink. The first derivative of n s 
with respect to In k can be calculated exactly and gives 

2 W + AH/jfl-VlHV (3.45) 



d]nk (l-i/J' 2 ) J V V 2 

To lowest order one therefore finds 

rl 2 B 

n(k) = n s (k) + 2(3— £ lnk + 2(3 2 \ In k . (3.46) 
d(p z 

Clearly, when /3, A <C 1 (slow-roll regime) and when A is not changing too rapidly or 



for ranges of scales k that are not too large, using the definition (|3.40|) is not a bad 
approximation. 

4. Inflationary perturbations from CFT correlators 

Soon after the dS/CFT correspondence was first conjectured, it was realized that it could 
perhaps have interesting applications in the context of inflation [^]. That one can derive 



the power spectrum of inflationary perturbations from the CFT was first anticipated in [18] 



and was explained for massless scalar field perturbations in fpTSf l - The results described in 



this section can also be found in section 6 of the recent preprint |2C], which appeared during 
the completion of this paper. 



4.1 Relating correlation functions to expectation values 

Before we can go on to derive the power spectrum of inflationary perturbations from 
deformed CFT correlators we need to know how to relate expectation values in the dS bulk 



to CFT correlators. This was explained in [19 and we will briefly review that result here. 



CFT vacuum correlation functions can be deduced from the de Sitter bulk following 
the same procedure as in AdS; calculating the action and functionally differentiating with 
respect to the boundary fields that act as sources in the CFT (gig ). Specifically for CFT 



2-pt functions of operators O with scaling dimension A this implies 

s 2 ^ dS [4>] 



(0 A (x)0 A (y)) 



8<f)(x)5(j)(y) 



(4.1) 



At the same time it should be clear that the spectrum of scalar field fluctuations in de 
Sitter space that we calculated is related to the (equal time) expectation value \4>k\ 2 = 
f d 3 k' '(0r<?!>£,) . A scalar field expectation value can be expressed, up to a delta function, as 
a functional integral of (f) 2 , weighted by the norm of the scalar field wave functional squared. 
The scalar field wave functional can be approximated by the classical action in de Sitter (in 
the semi-classical limit). This leads to the following formal expression for the expectation 
value of scalar field perturbations as 

1 2 - / -n, 1 js dS [ 



\*ds[<l>]\ ~J ?W . (4.2) 

From these expressions one can find a direct relation between de Sitter expectation values 
in the bulk and CFT 2-pt functions. By definition ( [4.1| ) one can formally express the wave 
functional (or generating functional) *$>dS i n terms of the 2-pt function and higher order 
(connected) n-point functions 

= e y d3kd3k '(°^)^ + --- + ^^ dSk ---^ . (4.3) 



Plugging this expression into the expression for the expectation value ( [4. 2D , neglecting the 
higher order n-point functions, we obtain 



V(f)4> 2 e) ' dZk i ' dZk '<Pk<P k/ Re(O k O k ,) _ ( 44 ) 



By changing the path integral variable (without changing the measure) we can isolate the 
dependence on the 2-pt correlation function. Defining 



0j = V2He(O fc O_ fc )^, (4.5) 
we obtain the following expression for the expectation value 
, . . . -1 



?k<P-k) 



2Re (O k O- 



V4>4> 2 e-y d3k f d3k '^y. (4. 6 ) 



Now that we have disentangled the path integral from the correlation function it should be 
clear that the path integral is going to give just a number. In that case this leaves us with 



the following relation between bulk expectation values and "boundary" correlators, which 
was first derived in [19|, 

{M - k) * 2Re (O k O. H ) ' (47) 
We note that because the bulk scalar field acts as a source in the CFT, this relation is 
almost like a Legendre transform, except for the factor of two and the restriction to the 
real part of the correlators, which can respectively be traced back to the square and the 
norm of the scalar field wave functional in ([4.2|). 

4.2 CFT operators, energy momentum and inflationary perturbations 

Next we want to explicitly show that one obtains the correct expressions for the spectrum 
of inflationary perturbations, starting from CFT correlation functions. The vacuum 2-pt 
function in three euclidean dimensions of operators with arbitrary scaling dimensions A is 
given by 

(OA(iW)a ^p r», (4.8) 

where rj c corresponds to a cutoff length scale necessary to properly define the correlator. 
After Fourier transforming this reads 

/ \ 6-2A 

(0 A A ) oc H~ 2 \k\ 3 , (4.9) 

where /i c = l/rj c now corresponds to an energy cutoff. Note that the explicit cutoff de- 
pendence disappears when one considers marginal operators A = 3. We will write k = \k\ 
from now on. 

We will use the expression (3.28) together with (3.22) to calculate the power spectrum 



of inflationary density perturbations. The appearance of the function (3 in these expressions 
has a beautiful interpretation in the CFT. First note that the bulk metric acts as the source 
for the energy momentum tensor in the CFT (f2.§|). It can be shown that to discuss scalar 
curvature perturbations we should be interested in the trace of the energy momentum 
tensor fl~9fl . In a CFT the expectation value of the trace of the energy momentum tensor 
vanishes. However, moving away from the conformal fixed point one finds the well known 
and intuitively understood expression for the conformal anomaly in terms of non-marginal 
CFT operators (we are only considering flat spatial backgrounds) 

<TrT^> = (3(g) |-£ = /3(g) (O a ) , (4.10) 

where (3(g) is the beta-function for the coupling g appearing in the lagrangian deforming 
the CFT (|2.13), i.e. C = gO A . So we see the beta-function appearing naturally. Realizing 



that the expectation value of density perturbations would be proportional to the inverse 
of the 2-pt correlation function of the trace of the energy momentum tensor we reproduce 
the f3~ 2 factor in <^2§j) . So in terms of CFT correlators the power spectrum of density 
fluctuations can be written as 

q 1 , 1 

Vn <x k s ; r = k s -^————- . (4.11) 

\whyrf) /5 2 Re(o A o A ) 



From the general expression for the CFT correlator ( [4.9|) it seems that we will get explicit 
dependence on the cutoff fi c in the power spectrum. However, one should realize that (3(g) 
also depends on the cutoff /x c as follows 



(3(g) « (A - 3) g + • • • = (A - 3) /i c A " 3 + • • • . (4.12) 

This dependence will exactly cancel the cutoff dependence of the correlation function, 
giving us a cutoff independent answer, as was also discussed in section 3.2. Note that 
this is also consistent with the fact that the energy momentum tensor in the bulk should 
correspond to a marginal operator in the CFT and should therefore not depend on the 
cutoff. The final result is 



where A = A — 3 = —3/2 ± \/9/4 — m 2 /H 2 . So we reproduce the expected result for the 
spectral index to lowest order in the departure from the fixed point ( |3.42 ) corresponding 
to the limit g — ► 0, corresponding to (3 = in ( |3.42| ), 

4.3 RG-flow equations and the spectrum of inflationary perturbations 

Let us now consider adding the following deformation to the CFT action 

S = 5cft + 9 j d 3 xO A . (4.14) 

This deformation will break conformal invariance and lead to RG-flow. The CFT cor- 
relators that were introduced in the previous section will now change along the RG-flow 
trajectory. This will therefore affect the spectrum of inflationary density perturbations as 
one moves further away from the conformal fixed point. To systematically follow this pro- 
cess one needs to study the RG-flow equations, in particular of course the Callan-Symanzik 
equations for the correlators. In [^0] the RG-flow equations were carefully deduced from the 
bulk dS gravity theory (see also ]23| ) , following an approach first applied in the AdS / CFT 
context by Introducing the Hamilton- Jacobi action functional in the bulk one care- 
fully introduces counterterms for the local divergences that appear in the limit t — > oo, 
defining an effective renormalized action. This new action functional also satisfies the 
Hamilton-Jacobi equation that after some rewritings and neglecting of higher order terms 
can be viewed as an RG equation for the renormalized action. For all the details we refer 



to |2(j, 23 1 . We will be interested in the evolution of the correlators, in particular the k 
dependence along the flow that will determine the spectral index of the inflationary density 
perturbations. 

As already explained Callan-Symanzik equations can be deduced from the bulk dS 
gravity theory. We will be interested in 2-pt functions (0(x) 0(y)) only, and in that case 
the Callan-Symanzik equation looks as follows 



with A = [j, c corresponding to the cutoff scale. The (anomalous) scaling 



where (3(g) 
dimension A (g) is defined as follows 

K9) = 0-g 



X + r ] (g)=A-3 + r ] (g), 



(4.16) 



where A and A correspond to the constant scaling dimensions at a conformal fixed point 
(i.e. the lowest order coefficients in an expansion of (3(g) in g). Even though this definition 
of the scaling dimension is not the standard one, it reproduces the standard definition of 
non-marginal scaling dimensions in the limit of small coupling g. This can be seen by 
first noting that g can be identified with the field-strength renormalization factor g = Z 1 / 2 



because of the particular deformation ( 4.14 ) we are considering. Then using the more 
standard definition of the anomalous scaling dimension 2X(g) = = g , we see that 

non-marginal scaling dimensions A 7^ in the CS-equation are reproduced as the lowest 
order coefficients in an expansion in the coupling g. The higher order coefficients dj, % > 1, 
are related by a factor of i between the two definitions. 

As a consequence of straightforward dimensional analysis one can determine the cutoff 
dependence of a general Fourier transformed correlator as 



(O a O a ) (k) = k 3 F 



A 2 

p,2(A) 



(4.17) 



which is just the generalized version of the expression ( |4.9| ) with A = /i c . Using this 
expression it is possible to rewrite the CS-equation in terms of a momentum /c-derivative 
instead of the cutoff scale A by noting that 



A-^ K (0 A A )(k) = + 3 ) (OO) (A-) 



This allows us to rewrite the CS-equation ( 4. 15| ) as follows 



dink 



(3( g )-?- + (3-2A)-2ri(g)) 



{O A O A )=0. 



(4.18) 



(4.19) 



The ^-dependence of the CFT 2-pt correlators fl4.9j ) is reproduced in the fixed point limit 
g — > 0, i.e. when one recovers exact conformal invar iance so (3(g) = rj(g) = 0. We will be 
interested in corrections to the fc-dependence of the correlator due to RG-flow away from the 
fixed point. There is a quick and dirty way to see that one can reproduce the approximate 



expression for the spectral index ( 3.41 ). It first of all involves the assumption that the CFT 



correlators (4.8) only depend on the coupling g through the Hubble parameter H, which as 
we will see later on is not expected to be true in general. Nevertheless proceeding, using the 



expression (2.26) for the beta-function and remembering that the coupling g corresponds 
to the scalar field in the bulk, we derive that 



M^- (o A o A ) 



(3 2 (O a O a ) . 



(4.20) 



This relation allows one to solve the Callan-Symanzik equation ( [4.19| ) if one also assumes 
an approximately constant beta-function (3(g) ~ (3 and scaling dimension X(g) ~ A = 



A — 3 = A — 3 + 77. In that case we find that the k dependence of the correlator will be 
modified to become 

{O a Oa) oc k 3 £^ 2+2A - 6 , (4.21) 

which will indeed reproduce the expression ( |3.4l| ) for the spectral index of the power 
spectrum of density perturbations, using (|4.11| ). The condition of approximately constant 
P and A can be made more precise by saying that -g^jP =^A<Cl and -g§^X = /?J^A <C 1, 
so typically these conditions can both be satisfied when <C 1. Although we reproduce the 
correct answer this way, this approach is not completely transparent and it will be useful, 
especially if we want to consider further corrections, to develop a more consistent method 
toward solving the CS-equation. 

As is well-known, a more general approach toward solving the CS-equation would be 
to start with the following ansatz for the 2-pt correlator 

(O a O a ) oc Z(g)k 3+2X , (4.22) 

separating the full k and g dependence. To solve the CS-equation the function Z(g) is 
expressed as 

Z(g) = Z exp J° dg' 2X = Z exp -2 jf ' din (j) 17(A) . (4.23) 

One can easily check that this expression for Z(g) solves the CS-equation. The expression 
in terms of an integral over din (A/ A;), with k introduced as the only other natural scale 
that can appear in the correlator, has the advantage of making it possible to directly read 
off the /c-dependence that we are interested in. The only thing left to do is to evaluate the 
function Z(g) (or Z(A/k)), which for example can be done order by order in g. One can in 
fact similarly express the Hubble parameter H~ 2 in terms of an integral over the coupling 
(or the logarithmic cutoff scale) ( |2.26 ), ( 2. 35| ) 



H{g)- 2 = H Q 2 exp J° dg' (5{g') = H Q 2 exp din (jj /3(A) 2 . (4.24) 
This allows us to write the solution Z(g) as follows 

Z{g) = H(g) exp J dg — (4.25) 

r-A 



H( g y 2 expj^ 9 dln(^j (-2r?(A) - /9(A) 2 ) , 



extracting the H~ 2 part from the solution Z(g), with rj(g) corresponding to the anomalous 
part of the scaling dimension ( |4.16| ). From this general expression it is more transparent 
under precisely what conditions we can reproduce the spectral index of inflationary pertur- 
bations, and how to go beyond that. Isolating the Hubble parameter in Z{g) means that 
we are interested in the induced /c-dependence relative to the average Hubble parameter, 
which is exactly what is done in the bulk calculation of the inflationary power spectrum. 



The integral in the second line of (|4.26[) can be approximated to lowest order by assuming 
constant (3 = (3 and r/ = fj. Using ( [4.11 ) this immediately reproduces the expression for 



the spectral index of the scalar curvature perturbation we found earlier through a more 
"sloppy" method, agreeing with the bulk result ( |3.41 ), However, starting from ( 4.26Q would 



in principle allow us to go beyond the approximation of constant and A [26]. We hope 
to come back to that problem in the near future. 

5. Holography and universality of inflationary perturbations 

Just as in AdS/CFT, in dS/CFT the UV and IR are interchanged with respect to bulk 
or boundary physics. A UV cutoff A in euclidean field theory corresponds to an IR (large 
time/scale factor) cutoff t c in the bulk. The UV cutoff in the field theory implies that we 
will only be considering euclidean momenta \k\ < A and realizing that \k\ corresponds to 
the comoving momentum and that the cutoff can be written as A = a c H in the bulk we 
find the following constraint on the bulk physical momentum \p\ = \k\/a 

p<H. (5.1) 

The fact that this constraint on the physical momentum in the bulk only depends on 
the Hubble parameter tells us that dS/CFT only probes bulk physics outside the de Sitter 
horizon. Bulk physics inside the de Sitter horizon, as experienced by a free-falling observer, 
is inaccessible because it will always be integrated out in the CFT description. In terms of 
coarse graining it means that a static de Sitter patch always corresponds to a single lattice 
site in the field theory, no matter what the size of the cutoff scale in the field theory. One 
can in fact naturally associate an entropy to a single coarse grained region that is roughly 
equal to the central charge of the CFT, which is reproducing the de Sitter entropy that can 
be associated to a static patch of de Sitter p^| , because the central charge indeed scales 
like the area of the static patch Hubble volume ( 2.36j ), However, the crucial reason for 



the entropy to scale with the area of one Hubble volume is because it corresponds to a 
single lattice site in the field theory. As soon as one considers larger physical bulk volumes 
containing more than a single lattice site one will find that the entropy will scale with the 
total three-dimensional volume, instead of the expected from a three-dimensional 

field theory. What dS / CFT does for us is to identify a single Hubble volume as the unique 
volume at which the entropy indeed scales like the area, corresponding to a single lattice 
site in the field theory. This is all dS/CFT will ever have to say about holography in the 
static patch, because physics inside the static patch can not be probed by dS/CFT. One 
can therefore question the validity of objections raised against dS/CFT that rely on physics 
in the de Sitter static patch j/J. The applicability, if any, of dS/CFT should instead be on 
bulk length scales larger than the Hubble radius. This is in fact just right for a treatment 
of the spectrum of inflationary perturbations using CFT correlators, which is only formed 
after wavelengths cross the Hubble radius. This is of course what we have shown, that one 
can calculate the spectrum of inflationary perturbations using deformed CFT correlators. 

In the previous paragraph we pointed out that, according to dS/CFT, the holographic 
area-entropy relation immediately breaks down on length scales larger than the Hubble 



radius and the ordinary scaling of entropy with the total volume is found instead. We 
therefore conclude that even though dS/CFT is considered to be a "holographic" corre- 
spondence, it does not predict any holographic constraints (having to do with the area 
law for the gravitational entropy) on the spectrum of inflationary perturbations. Similar 
ideas in support of the (near) absence of holographic constraints on the CMB spectrum 



have been described in |28|], however opposite claims have also been reported [29|. It would 
perhaps be interesting to study this in more detail. This slightly counter-intuitive result is 
due to the fact that in dS/CFT the "holographic" coordinate is timelike and holography 
therefore acquires a completely different meaning, as we will now discuss. 

The usual bulk understanding of inflationary perturbations is as originating from vac- 
uum fluctuations that grow to become the size of the Hubble horizon after which they 
freeze and become part of the spectrum of inflationary perturbations. This understanding 
does not immediately explain why the spectrum of inflationary perturbations seems to be 
so universal, i.e. very independent of microscopic physics. In this new approach based on 
deformed CFT correlators and RG-flow equations the static patch is completely removed 
(or coarse grained) and nevertheless we still recover the correct spectrum of inflationary 
perturbations. As already explained the static patch, corresponding to a single Hubble 
volume, corresponds to scales above the cutoff from the deformed CFT point of view. This 
necessarily implies that the spectrum of inflationary perturbations is very independent of 
the physics at bulk (length) scales smaller than the horizon, except for its effect on cer- 
tain universal parameters (homogeneous fields in the bulk and couplings in the deformed 
CFT), in exactly the spirit of the Wilsonian renormalization group. It is this concept 
of universality that should be the main message of (timelike) holography. The deformed 
CFT approach explicitly realizes the strong independence of the spectrum of inflationary 
perturbations from detailed sub-horizon or trans-Planckian dynamics. So one advantage of o 
the CFT approach is that it makes the universal nature of the primordial CMB spectrum 
explicit. Note that the primordial CMB spectrum can and will of course still depend on 
initial (boundary) conditions that one imposes on sub- and/or super-horizon scales. In 
the quantum theory this corresponds to selecting a different vacuum which will affect the 
spectrum, a fact that has attracted a lot of attention recently [|30| . From the CFT point 
of view, changing boundary conditions or vacua in the bulk will affect the bulk action and 



therefore the CFT correlators, see also It would perhaps be interesting to study this 



in more detail. We hope to come back to these and other matters in the near future. 
6. Note added 

During the final stages of this work [20] appeared in which essentially the same ideas 



are described. In particular our paper has a lot of overlap with section 6 in their paper. 
We have tried to highlight the dS / CFT point of view and commented on holography and 
universality in the context of the power spectrum of inflationary perturbations. Instead of 
our emphasis on a UV field theoretic point of view, the authors of |20| focus more on the 
complementary bulk gravitational IR point of view, which is very interesting in its own 
right. 
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